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Problem 1 (True or false)(0.6%)

You don’t need to give any explanation for this problem. Just determine the correctness of the following
statement and answer ”T” for true and ”F” for false. The notation here please refer to the course video.

1. (0.2 %) The strong duality holds only when the primal problem is convex and satisfies the Slater’s
conditions.

2. (0.2%) The complementary slackness condition, uigi(x) = 0,∀i = 1, . . .m, in a minimization problem,
implies that ”whenever g(x̄) = 0, then ui > 0”.

3. (0.2%) The dual function θ(u,v) gives a lower bound of the optimal value of the primal problem (as a
convex minimization problem in standard form) when θ(u,v) > −∞ and u ≥ 0.

Problem 2 (SVM with Gaussian kernel)(0.9%)

Consider the task of training a support vector machine using the Gaussian kernel K(x, z) = exp(−∥x−z∥2

τ2 ).
We will show that as long as there are no two identical points in the training set, we can always find a value
for the bandwidth parameter τ such that the SVM achieves zero training error.

Recall from class that the decision function learned by the support vector machine can be written as

f(x) =

N∑
i=1

αiyik(xi, x) + b

Assume that the training data {(x1, y1), · · · , (xN , yN )} consists of points which are separated by at least
distance of ϵ; that is, ∥xj − xi∥ ≥ ϵ, for any i ̸= j. For simplicity, we assume αi = 1 for all i = 1, · · · ,m and
b = 0. Find values for the Gaussian kernel width τ such that xi is correctly classified, for all i = 1, · · · , N ,
e.g., f(xi)yi > 0 for all i = 1, · · · , N .

Hint: Notice that for y ∈ {−1,+1} the prediction on xi will be correct if |f (xi)− yi| < 1, so find a value
of τ that satisfies this inequality for all i.

Problem 3 (Support Vector Regression)(1.5%)

Suppose we are given a training set {(x1, y1), · · · , (xm, ym)}, where xi ∈ R(n+1) and yi ∈ R. We would like
to find a hypothesis of the form f(x) = wTx + b. It is possible that no such function f(x) exists to satisfy
these constraints for all points. To deal with otherwise infeasible constraints, we introduce slack variables ξi
for each point. The (convex) optimization problem is

min
w,b,ξ

1

2
∥w∥2 + C

m∑
i=1

ξi (1)

s.t. yi − wTxi − b ≤ ϵ+ ξi i = 1, . . . ,m (2)

wTxi + b− yi ≤ ϵ+ ξi i = 1, . . . ,m (3)

ξi ≥ 0 i = 1, . . . ,m (4)
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where ϵ > 0 is a given, fixed value and C > 0. Denote that ξ = (ξ1, · · · , ξm).

(a) Write down the Lagrangian for the optimization problem above. Consider the sets of Lagrange mul-
tiplier αi, α

∗
i , βi corresponding to the (2), (3), and (4), so that the Lagrangian would be written as

L(w, b, ξ, α, α∗, β), where α = (α1, · · · , αm), α∗ = (α∗
1, · · · , α∗

m), and β = (β1, · · · , βm).

(b) Derive the dual optimization problem. You will have to take derivatives of the Lagrangian with respect
to w, b, and ξ

(c) Suppose that (w̄, b̄, ξ̄) and (ᾱ, ᾱ∗, β̄) are the optimal solutions to a primal and dual optimization prob-
lem, respectively.

Denote w̄ =
∑m

i=1(ᾱi − ᾱ∗
i )xi

(1) Prove that

b̄ = argmin
b∈R

C

m∑
i=1

max(|yi − (w̄Txi + b)| − ϵ, 0) (5)

(2) Define e = yi −
(
wTxi + b̄

)
Prove that
ᾱi = ᾱ∗

i = 0, ξ̄i = 0, if |e| < ϵ
0 ≤ ᾱi ≤ C, ξ̄i = 0, if e = ϵ
0 ≤ ᾱ∗

i ≤ C, ξ̄i = 0, if e = −ϵ
ᾱi = C, ξ̄i = e− ϵ if e > ϵ
ᾱ∗
i = C, ξ̄i = −(e+ ϵ) if e < −ϵ

(6)

(d) Show that the algorithm can be kernelized and write down the kernel form of the decision function.
For this, you have to show that

(1) The dual optimization objective can be written in terms of inner products or training examples

(2) At test time, given a new x the hypothesis f(x) can also be computed in terms of inner produce.

Problem 4 (Hinge loss with L1 regularization)(1.5%)

Given data points x1, . . . ,xN ∈ Rm as well as their labels y1, . . . , yN ∈ {±1} and penalty coefficients
C1, . . . , CN > 0, where each xi = [xi,1, . . . , xi,m]T is a column vector, consider the following optimization
problem:

minimize ∥w∥1 +
∑N

i=1 Ciξi

subject to
yi(w

Txi + b) ≥ 1− ξi
ξi ≥ 0

}
i = 1, . . . , N

variables w ∈ Rm, b ∈ R, ξ ∈ RN

(7)

Note that in this formulation, we replace the L2-regularization term 1
2∥w∥2 by the L1-regularization term

∥w∥1 =
∑m

j=1 |wj |.

(a) (0.5%) Show that (w̄, b̄, ξ̄) is an optimal solution of (7) if and only if w̄ = ū − v̄, where (ū, v̄, b̄, ξ̄) is
an optimal solution of the following problem:

minimize f(u,v, b, ξ) =
∑m

j=1(uj + vj) +
∑N

i=1 Ciξi

subject to
yi((u− v)Txi + b) ≥ 1− ξi, i = 1, . . . , N
ξi ≥ 0, i = 1, . . . , N
uj ≥ 0, vj ≥ 0, j = 1, . . . ,m

variables u ∈ Rm,v ∈ Rm, b ∈ R, ξ ∈ RN

(8)
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Following (a), we can now rewrite (8) as the following primal problem:

minimize f(u,v, b, ξ) =
∑m

j=1(uj + vj) +
∑N

i=1 Ciξi

subject to
g1i (u,v, b, ξ) = 1− ξi − yi((u− v)Txi + b) ≤ 0, i = 1, . . . , N
g2i (u,v, b, ξ) = −ξi ≤ 0, i = 1, . . . , N
g3i (u,v, b, ξ) = −uj ≤ 0, j = 1, . . . ,m
g4i (u,v, b, ξ) = −vj ≤ 0, j = 1, . . . ,m

variables u ∈ Rm,v ∈ Rm, b ∈ R, ξ ∈ RN

(9)

as well as its Lagrangian dual problem:

maximize θ(α, β,µ,ν) = inf
{
L(u,v, b, ξ, α, β,µ,ν) : u ∈ Rm,v ∈ Rm, b ∈ R, ξ ∈ RN

}
subject to αi ≥ 0, βi ≥ 0 , i = 1, . . . , N

µj ≥ 0, νj ≥ 0 , j = 1, . . . ,m
variables α ∈ RN , β ∈ RN ,µ ∈ Rm,ν ∈ Rm

(10)

where L denotes the Lagranian function.

(b) (0.2%) Associate dual variables αi, βi, µj , νj to constraints g1i , g
2
i , g

3
j , g

4
j , respectively. Show that L can

be written in the following explicit form:

L(u,v, b, ξ, α, β,µ,ν)

= 1T (u+ v) +

N∑
i=1

Ciξi +

N∑
i=1

αi

(
1− ξi − yi((u− v)Txi + b)

)
+

N∑
i=1

βi(−ξi)− µTu− νTv,
(11)

where 1 denotes the all-one vector.

(c) (0.1%) Show that (9) satisfies Slater’s condition.

(d) (0.2%) Show that:

(i) (0.1%) θ(α, β,µ,ν) = −∞ unless the following conditions hold:

N∑
i=1

αiyi = 0, µ = 1−
N∑
i=1

αiyixi, ν = 1+

N∑
i=1

αiyixi, (12)

and

αi + βi = Ci, ∀i = 1, . . . , N, (13)

at which case θ(α, β,µ,ν) =
∑N

i=1 αi.

(ii) (0.1%) The stationary condition holds if and only if (12) and (13) are satisfied.

(e) (0.2%) Show that the dual problem (10) can be simplified as:

maximize
∑N

i=1 αi

subject to
∑N

i=1 αiyi = 0

−1 ≤
∑N

i=1 αiyixi ≤ 1
variables 0 ≤ αi ≤ Ci, i = 1, . . . , N

(14)

(f) (0.2%) Write down the KKT conditions for the primal and dual problems (9)(10).

(g) (0.1%) Is it true that w̄ must be a linear combination of x1, . . . ,xN? Justify your answer.
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Problem 5 (Spherical one class SVM)(1.5%)

Suppose we aim to fit a hypersphere which encompasses a majority of data points x1, ...,xN ∈ RM by
considering the following optimization problem: (here µ and each xi are considered as column vectors)

minimize R2 + 1
ν

∑N
i=1 Ciξi

subject to
∥xi − µ∥2 ≤ R2 + ξi
ξi ≥ 0

}
∀i ∈ [1, N ]

R ≥ 0
variables R ∈ R,µ ∈ RM , ξ = (ξ1, ..., ξN ) ∈ RN

(15)

where Ci > 0 for each i ∈ [1, N ], and 0 < ν <
∑N

i=1 Ci. Let ρ = R2 and rewrite (15) in the form of primal
problem:

minimize f(ρ,µ, ξ) = ρ+ 1
ν

∑N
i=1 Ciξi

subject to
g1,i(ρ,µ, ξ) = ∥xi − µ∥2 − ρ− ξi ≤ 0
g2,i(ρ,µ, ξ) = −ξi ≤ 0

}
∀i ∈ [1, N ]

g3(ρ,µ, ξ) = −ρ ≤ 0
variables ρ ∈ R,µ ∈ RM , ξ ∈ RN

(16)

as well its Lagrangian dual problem:

maximize θ(α, β, γ) = infρ∈R,µ∈RM ,ξ∈RN L(ρ,µ, ξ, α, β, γ)
subject to αi ≥ 0, βi ≥ 0 ∀i ∈ [1, N ]

γ ≥ 0
variables α = (α1, ..., αN ) ∈ RN , β = (β1, ..., βN ) ∈ RN , γ ∈ R

(17)

1. Write down the Lagrangian function L(ρ,µ, ξ, α, β, γ) in explicit form of ρ,µ, ξ, α, β, γ.

2. Show that the duality gap between (16) and (17) is zero.

3. Derive θ(α, β, γ) in explicit form of dual variables α, β, γ.

4. Show that the dual problem can be simplified as

maximize ∥α∥1
(∑N

i=1 α̂i∥xi∥2 −
∑

1≤i,j≤N α̂iα̂jx
T
i xj

)
subject to

∑N
i=1 αi ≤ 1

variables 0 ≤ αi ≤ Ci

ν , i ∈ [1, N ]

(18)

where ∥α∥1 =
∑N

i=1 αi and αi = ∥α∥1α̂i.

5. Suppose (ρ̄, µ̄, ξ̄) and (ᾱ, β̄, γ̄) are optimal solutions to problems (16) and (17), respectively.

(a) Show that ∥ᾱ∥1µ̄ =
∑N

i=1 ᾱixi.

(b) Show that

ρ̄ ∈ argminρ≥0

(
ρ+

1

ν

N∑
i=1

Ci max(∥xi − µ̄∥2 − ρ, 0)

)
.

(c) Show that

min

ρ ≥ 0 :
∑

i:∥xi−µ̄∥2>ρ

Ci ≤ ν

 ≤ ρ̄ ≤ min

ρ ≥ 0 :
∑

i:∥xi−µ̄∥2>ρ

Ci < ν

 . (19)

(d) Prove that ξ̄i = max
(
∥xi − µ̄∥2 − ρ̄, 0

)
for each i ∈ [1, N ].

(e) Prove that  ᾱi = Ci/ν , if ∥xi − µ̄∥2 > ρ̄
ᾱi = 0 , if ∥xi − µ̄∥2 < ρ̄
0 ≤ ᾱi ≤ Ci/ν , if ∥xi − µ̄∥2 = ρ̄

.

6. Suppose Ci = 1/n for each i ∈ [1, n]. What is the physical meaning of ν?
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